
Dynamics Modeling and Analysis of Spacecraft Antenna Based on Kane Method 

Xiaotao Zhou 

Xi'an Institute of Space Radio Technology, China, 710100 

zxtemc_2016@163.com 

Keywords: Rod antenna structure; Kane method; dynamic stiffening 

Abstract: With the increasing demand and complexity of spacecraft on-orbit tasks, higher 
requirements are put forward for the dynamic behavior prediction of spacecraft attachment 
structures. It is difficult to analyze some models effectively by traditional dynamic analysis methods. 
This paper analyzes the structure of the spacecraft rod antenna and combines the Kane dynamics 
method, lists the dynamic equations of the Kane form, compares the difference between the Kane 
method and the traditional modeling method, and draws Kane. The method can calculate and 
analyze the dynamic stiffening problem. The two models are solved by MATLAB. It is concluded 
that the dynamic model established by Kane method has more accurate conclusion than the 
traditional method. 

1. Introduction 
During the maneuvering of the spacecraft, the rigid body motion is coupled with the flexible 

motion generated by the flexible attachment (also known as the rigid-flexible coupling 
phenomenon). When the spacecraft performs a wide range of motion, the rigid-flexible coupling 
phenomenon is also called the power. The phenomenon of rigidity. In response to such problems, 
early studies applied the inertial forces caused by large-scale motion to the deformation motion in 
the form of loads, not counting the coupling of large-scale motion and structural vibration 
deformation. Later, the mixed coordinate method was adopted, but it was also limited to the case 
where the motion range was small and the rate was small. At present, more and more space 
missions have large flexible attachments, and they are developing in the direction of light weight 
and high control precision. Therefore, it is necessary to propose a more accurate dynamic model in 
dynamics research. Kane et al. [1] originally studied the large-scale elastic movement and proposed 
the phenomenon of " Dynamic stiffening ". 

The Kane dynamics method is essentially another expression of the Apell equation. The dynamic 
equation uses the generalized rate as an independent variable. The generalized velocity is used to 
derive the partial velocity, and the conventional physical quantities such as displacement and 
velocity are described, combined with the relevant physical equations. Write general dynamics and 
general inertial forces, and finally write the dynamic equation [2]. 

In this paper, the dynamics modeling and analysis of the spacecraft rod antenna is carried out. 
The beam antenna is equivalent to the beam model for analysis and processing, which can not only 
reveal the influence of the dynamic stiffness phenomenon in the dynamic modeling process, but 
also simplify the calculation. The Kane method is used for modeling, and the model is solved and 
calculated by combining MATLAB. Due to the characteristics of the dynamic equation, the 
Wilson-θ method is also used to solve the problem. The simulation results and finite element 
analysis results show that the kane method can be used to solve the dynamic behavior of the 
cantilever beam model with dynamic stiffening under the condition of large-scale maneuver.  

2. Kinematics description of the Kane method 
In order to make the dynamic equations of the beam model easier to write, the following 

assumptions are made for the beam: 
1) The beam is Euler-Bernoulli straight beam, the material is uniform and isotropic; 
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2) The elastic axis of the section is collinear with the central axis, regardless of the shear 
deformation and the influence of the moment of inertia of the section; 

3) The axial deformation of the beam is small deformation relative to the lateral deformation. 
The schematic diagram of the cantilever beam is shown in Figure 1. 

 
Figure 1 Cantilever beam under wide-range motion conditions 

In the figure(𝑎𝑎1, 𝑎𝑎2, 𝑎𝑎3)is the unit basis vector of the floating coordinate system on the cantilever 
beam. P is the position of the cantilever beam under a wide range of motion conditions. When the 
cantilever beam is not deformed at rest, P and 𝑃𝑃0 coincide. 

The speed of point P in the inertial system can be expressed as: 
Where: 𝑣𝑣𝑜𝑜---- is the velocity vector of the origin O in the inertial coordinate system 
𝑤𝑤𝑎𝑎---- is the angular velocity vector of the floating coordinate system coordinate system in the 

inertial coordinate system 
r---- is the position vector of 𝑃𝑃0 in the conjoined coordinate system 
u---- is the deformation vector of 𝑃𝑃0 in the conjoined coordinate system 
𝑣𝑣𝑝𝑝𝑝𝑝----the velocity vector of the P point in the floating coordinate system 
The components of the above formula are: 

0 1 1 2 2 3 3v v a v a v a= + +                           (1) 

 1 1 2 2 3 3aw w a w a w a= + +   (2) 

 1 1 2 2 3 3pav u a u a u a= + +     (3) 

 1r xa=   (4) 

Substituting the above formula: 

1 1 2 3 3 2 1

2 2 1 3 3 1 1

3 3 1 2 2 1 1

[ ]
[ ( )]
[ ( )]

pv v u w u w u a
v u w u w x u a
v u w u w x u a

= + + −

+ + − + +
+ + + − +







               (5) 

Derived from the above formula: 

1 1 2 2 3 3
p

p a p

dv
a w v C a C a C a

dt
= + × = + +               (6) 

In the above formula: 
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In order to avoid premature linearization and the result is not accurate enough, for the reasonable 
description of the deformation field of the elastic body, an arc length variable s and two Cartesian 
coordinate variables 𝑢𝑢2、𝑢𝑢3 are used to describe the deformation of the cantilever beam. For the 
convenience of subsequent solutions, the hypothetical modal method is used to discretize s, 𝑢𝑢2, 𝑢𝑢3, 
that is, 

1

1 11
( , ) ( ) ( )j jj

s x t x q tµ φ
=

=∑                        (7) 

 2

2 2 21
( , ) ( ) ( )j jj

u x t x q tµ φ
=

=∑   (8) 

 3

3 3 31
( , ) ( ) ( )j jj

u x t x q tµ φ
=

=∑   (9) 

In the above formula, 𝜙𝜙1𝑗𝑗(𝑥𝑥)、𝜙𝜙2𝑗𝑗(𝑥𝑥)、𝜙𝜙3𝑗𝑗(𝑥𝑥) are hypothetical modal functions, and the natural 
vibration modes of the j-th order longitudinal, lateral and bending vibrations are obtained when the 
cantilever beam is slightly vibrated. 𝑞𝑞1𝑗𝑗(𝑡𝑡)、𝑞𝑞2𝑗𝑗(𝑡𝑡)、𝑞𝑞3𝑗𝑗(𝑡𝑡) are the corresponding generalized 
coordinates, and 𝜇𝜇1、𝜇𝜇2 and 𝜇𝜇3 are the corresponding modal truncation orders. 

In order to adopt the selected generalized coordinates s, 𝑢𝑢2，𝑢𝑢3, should be applied to equations 
(1-5) and (1-6) instead of 𝑢𝑢1. 

The selected coordinate description satisfies the following relationship 

2 2 2 0.531 2
0

[(1 ) ( ) ( ) ]
x uu ux s ds

s s s
∂∂ ∂

+ = + + +
∂ ∂ ∂∫          (10) 

It can be simplified by two expansions: 

2 232
1 0

1 [( ) ( ) ] ...
2

x uus u ds
s s

∂∂
= + + +

∂ ∂∫          (11) 

The high order term is omitted in the above equation, so that s is approximated as a linear 
representation. 

Using the above formula to find the partial derivative of x can be obtained: 

 2 231 21 [( ) ( ) ]
2

uu us
x x s s

∂∂ ∂∂
= + +

∂ ∂ ∂ ∂
  (12) 

The above formula is used when calculating the potential function. 
In solving the general inertial force, it is necessary to use the partial velocity, so the partial 

derivative of 𝑞̇𝑞𝑟𝑟 for 𝑣𝑣𝑝𝑝 is obtained: 

1 1
p

j
r

v
a

q
φ

∂
=

∂ 
          ( )11, 2, ,j µ= …  (13) 
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r

v
d q a a

q
µ

σσ φ φ σ φ
=

∂
= − +

∂ ∑ ∫


  2( 1, 2,..., )j µ=  (14) 

 3
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( )
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r
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q
µ

σσ φ φ σ φ
=

∂
= − +
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  3( 1, 2,..., )j µ=  (15) 
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3. Dynamics modeling 
3.1 Generalized main power 

The ideal cantilever beam strain energy is as follows[3]: 

 
22

2 2 232
3 22 20 0 0

1 1 1( ) ( ) ( )
2 2 2

l l l uusU EA dx EI dx EI dx
x x x

∂∂∂
= + +

∂ ∂ ∂∫ ∫ ∫   (16) 

In turn, the generalized main power can be obtained: 

i
r

UF
q
∂

= −
∂

                         (17) 

Combined with the basic theory of Kane method: 

 
1

1 1 , 1 , 11 0
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 3

3 2 3 , 3 , 31 0
( )

l
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=
− =∑ ∫  ( )3i 1, 2, ,µ= …   (20) 

3.2 Generalized inertial force 
The generalized inertial force is defined as follows: 

 *

0

l p
i p

r

v
F a dx

q
r
∂

= −
∂∫


  (21) 

The generalized inertial forces corresponding to the generalized coordinates after simplification 
and calculation are as follows: 
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3.3 Kane dynamic equation 
Substituting the generalized main dynamics and the generalized inertial forces into the Kane 

dynamic equation can be obtained: 
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The symbols are defined in the above formula as follows: 
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In the above-mentioned final kinetic equation, the 𝐾𝐾𝐾𝐾𝑖𝑖𝑖𝑖𝑘𝑘  term is the dynamic stiffness term. In 
the derivation of the traditional method, the premature linearization process will lead to the loss of 
this term.  

4. Simulation analysis 
The parameters of the simulation model are shown in Table 1. 

Table 1 Cantilever beam related parameters 

Physical properties Density/(kg ∙ m−1) Young's modulus/(N ∙ m−2) Length/m 
Value 1.2 7 × 1010 10 

Physical properties Cross-sectional area 
/m2 Moment of inertia /m4 Poisson's ratio 

Value 4 × 10−4 2 × 10−7 0.3 
In order to reveal the model difference caused by the presence or absence of the dynamic 

stiffness term, and the coupling of the rigid motion and the elastic motion of the flexible attachment 
under the large-scale rigid body motion, the Kane dynamic equation obtained from the above 
formula is revealed. The deformation calculation is performed by using a single-axis fixed-axis 
rotation. Take the commonly used acceleration rotation equation [3], which has the characteristics 
of smoothing of the growth and reaching the steady-state angular velocity after the acceleration time 
T. 

 
2( sin )

 2
T tt

T T
π

θ π
Ω −= 

 Ω

     
0 t T
t T
≤ ≤
≥

                 (28) 

Where Ω is the steady-state rotational angular velocity and T is the acceleration time, generally 
taking T=15s. 

The simulation model is rotated in a plane, so 𝑣𝑣1 = 𝑣𝑣2 = 𝑣𝑣3 = 𝑣̇𝑣1 = 𝑣̇𝑣2 = 𝑣̇𝑣3 = 0 ;  𝑤𝑤3 =
𝜃̇𝜃, 𝑤𝑤1 =  𝑤𝑤2 =  𝑤𝑤1̇ =  𝑤̇𝑤2 = 0; 𝑤̇𝑤3 = 𝜃̈𝜃. Substituting these conditions into the kinetic equation can 
simplify the kinetic equation: 

 
Figure 2 Cantilever beam for fixed axis rotation 
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The hypothetical modal function is selected to take the longitudinal free vibration type function 
of the cantilever beam and the transverse free vibration type function of the cantilever beam, and for 
the convenience of calculation, only the first order mode is as follows[4]: 
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In the above formula, β is determined by coshβcosβ+1=0. 
Calculate the modal integral and get the kinetic equation as: 

¨

¨

¨ 26 2

¨¨
2

1 0 0 1.3557
0 1 2.7115 0

9 23512.9742 10 0.6779

12.85121.3557 1.1035 0.2674

η ηθ
ζθζ

θθ θ η
ζ θθ θ

   −     +           
   × −     + =      −+   














，

    (31) 

Where η and ζ are the longitudinal and transverse deformation mode coordinates of the 
cantilever beam. The above formula is a typical set of rigid differential equations. According to the 
literature, the Wilson-θ algorithm in the form of coefficient freeze is used to solve the problem. That 
is, in the Δt time, the coefficient of the equation is considered to be constant, and the Wilson-θ 
algorithm is used to calculate the coordinates in each time period. 

According to the reference, the calculation formula of the vibration angular frequency of the 
transverse vibration of the beam can be obtained, and the first-order vibration angular frequency of 
the beam is 𝑤𝑤1 = 1.0505𝑟𝑟𝑟𝑟𝑟𝑟/𝑠𝑠. The stable rotational speed used in the simulation is less than 𝑤𝑤1, 
equal to 𝑤𝑤1 and greater than The case of 𝑤𝑤1 is calculated to compare the vibration trend of the 
beam under the influence of the dynamic stiffness term. Take 𝑤𝑤 = 0.2𝑤𝑤1, 𝑤𝑤 = 0.5𝑤𝑤1, 𝑤𝑤 = 0.8𝑤𝑤1, 
𝑤𝑤 = 1.0𝑤𝑤1, under the four conditions, the Kane method which can take the dynamic stiffness term 
can be compared with the results obtained by the traditional method. Curves are as follow: 

 
Figure 3 Model comparison curve when Ω = 0.2𝑤𝑤1 

 
Figure 4 Model comparison curve when Ω = 0.5𝑤𝑤1 
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Figure 5 Model comparison curve when Ω = 0.8𝑤𝑤1 

 
Figure 6 Model comparison curve when Ω = 𝑤𝑤1 

It can be seen from the above simulation curve that when the rotational speed of the central rigid 
body is not high, the trend of deformation displacement obtained by the traditional zero-order 
approximate dynamic model and the first approximate dynamic model derived based on the Kane 
method is not much different, as shown in Fig. 3. However, as the rotational speed of the central 
rigid body increases, the deviation of the deformation displacement obtained by the conventional 
method and the motion tendency based on the Kane method become larger and larger, as shown in 
Fig. 5 and Fig. 6. In the case where the first-order natural frequency is taken as the rotational speed, 
the simulation results of the conventional method that does not take into account the dynamic 
stiffness term appear divergent, which is not in accordance with the actual situation. 

The Kane method has a steady trend at all rotational angular velocities, and the correctness of the 
results can be verified from the subsequent finite element analysis on the one hand. On the other 
hand, the reference to the existing references is the same. the result of. 

This phenomenon is the “dynamic stiffening” phenomenon proposed by Kane in the initial 
analysis. In the traditional zero-order dynamic model, the missing stiffness dynamic stiffness term 
causes its variation with time, when the stiffness term is reduced to Below 0, the solution obtained 
by the equation is a divergent solution. 

5. Conclusion 
The simulation analysis of the spacecraft rod antenna for the cantilever beam model shows that 

under the dynamic model based on the Kane method, the dynamic equation containing the dynamic 
stiffening term can be obtained. Based on the MATLAB programming simulation analysis results, 
for the case of any large-scale motion in space, the results are more stable and conform to the 
physical reality. The traditional model that ignores the dynamic stiffness term in the dynamic 
equation can obtain relatively stable results when performing small-angle slow motion. However, 
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on the basis of a wide range of rapid movements, the results obtained tend to diverge. 
The dynamics modeling analysis of the Kane method is still relatively simple for the analysis of 

the cantilever beam model, but reflects the advantages of the method. Unlike the traditional 
dynamic modeling method, the obtained dynamic model has a dynamic stiffness term, so that the 
solution result can be applied to large and fast spacecraft maneuvering processes. 
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